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1X. Occultatio Jovis @ Luna, o4/. Londini.

Read June 7.
1744. .
Notante Horologo.
d oy i

1744.Fune 6. 11 13 40 Immerfio centri Fovialis,{at certe.
35 14 aSerpentaria culminat.
43 15 Emerfio centri,raptim inter nubes.
Tubo 12 Ped.

J. Bevis.

X. A letter from Mr. Abraham De Moivre,
E.R. §. to William Jones, Efguire, F. R. §.
concerning the eafieft method for calculating
the value of annuities upon lives, [from tables

of obfervations.
§ IR,

Prefented June 7. O U may remember, that fome time
744 after the printing of the fecond
cdition of my book of annuities on lives, you
told me, that it feem’d ftrange to you, that, con-
fidering T had demontftrated the chief propofitions in
the book, I had neglected to demonftrate the theo-
rem, which is found in page 86. line 12. which, you
faid, of all the reft, appear'd to you the moft curi-
ous ; I anfwer'd, that, as the demonfiration de-
pended upon a principle which was not commonly

l known
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known, I was afraid that the publifhing of it would
have f{well’d the book too much; for this reafon
efpecially, that many corollaries were annexed to
it. However, 1 promifed to fend it you in a fhort
time ; but defired you to let me know, whether you
thought it deferv'd a place in the Philofophical Tran(-
attions. I now difcharge my promife s and expedt,
with impatience, the favour of your opinion. 1am,
with a very particular regard,

SIR,
Lour moft humble,

and moft obedient Servant,

A. De Moivre.

A fhort method of calculating the value of
annuities on lives, from tables of obfer-
TAoNs.

LTHO’ it has been an eftablithed cuftom, in

the payment of annuities on lives, that the

laft rent is loft to-the heirs of the late pofleflor of an
annuity, if the perfon happens to- dic before the
expiration of the term agreed on for payment,
whether yearly, half yearly, or quarterly: neverthe-
lefs, in this treatife I have fuppos'd, that fuch a pare
of the rent fhould be paid to the heirs of the late
poflclor, as may be c¢xaltly proportiond to the time
clapsd between that of the laft payment, and the
very
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very moment of the life’s expiring; and this by 2

proper, accurate, and geometrical calculation.

I have been induced to take this method, for the
following reafons; firft, by this {uppofition, the
value of lives would receive but an inconfiderable
increafe ; fecondly, by this means, the feveral inter-
vals of life, which, in the tables of obfervations,
are found to have uniform decrements, may be the
better conneéted together. It is with this view that
I have framed the two following problems, with
their folutions.

ProBrLeM 1.

To find the wvalue of an annuity, f[o circumftan-
tiated, that it [ball be on a life of a given age;
and that, upom the failing of that life, fuch a
part of the rent fhall be paid to the heirs of the
late poffeffor of an annuity, as may be exaltly
proportioned to the time intercepted between that
of the laft tayment, and the very moment of the
life's failing.

SOLUTI1ON.

LET n reprefent the complement of life, that is,
the interval of time between the given age,
and the extremity ofold-age, fuppos’dat 86.
r theamount of 1/ for one year.
« the logarithm of r.
P the prefent value of an annuity of 1 /. for
the given time.

Q_the value of the life fought.

P
Then ! -_—— = ().

r—i{ on
Iz DEe-
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DEMONSTRATION.

For, let z reprefent any indeterminate portion of
n. Now the probability of the life’s attaining the
end of the interval z, and then failing, is to be

exprefled by %, (as thewn in page 77, edit. 1. and
=

in page 115, edit. 2. of my book of annuities upon
lives) upon the fuppofition of a perpetual and uni-
form decrement of lifc.

But it is well known, that if an annuity cer-
tain, of 1/ be paid during thetime 3, its prefenc
. L—r-‘l_ L ) 1

value will be P = or _—
r—1I r—1 r—Iixr?
And, by the laws of the doétrine of chances, the
expe&tation of fuch a life, upon the precife interval
=, will be expreffed by —=—— — —==; which may

nXpr——1. nriXr—1

be taken for the ordinate of a curve, whofe arca
is as the value of the life required.
In order to find the area of this carve, let
p=nxr—1; and then the ordinate will become
A
Pt
Now it is plain, that the fluent of the firt part

a much more commodious expreflion.

is Z : but as the fluent of the fecond part is not {o

?
readily difcover’d, it will not be improper, in this
‘place, to fhew by what artifice [ found it 5 for I do
not know, whether the fame method has been made

ufe of by others: all that I can fay, is, that I never
had
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had occafion for it, but in the particular circum-
ftance of this problem.
Let, therefore, rz=x; hence zlog.r =log.x 3

therefore = log.r = (fluxion of the log. x =) x,

x
ofaz = % j;confequentlys = Z_, and L. x .
* ax r‘ XX
. 1
but the fluent of - is (— — =) — —; and
axx ax ard

therefore the fluent of — = will be + .
e par

The fum of the two fluents will be 2 -
p o 2

but, when z =0, the whole fluent fhould be = o3
let therefore the whole fluent be ;—f - P:r' +g=0o0.

T

Now, when 2=o0, thenZ= o0, and —— be-
? apr
I - ( I —
comes — (for rz=1,) confequently 7 +g=o0;
— 1
and g=— ~; ¢ therefore the arca of a curve,
I 1

hofe ordinate is % — % will be (& — —
whofc ordina ST will be ( > . Py

? " ap
But P = — — =—; therefore 1 — L=
—1 X ? and the expreflion for the area becomes
X . —_"_: And putting # inftead of 2, that area, or

nXr—1 d?l

the value of the life, will be exprefled by
Q. E D.

P

?‘-l an

Thofe
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Thofe who are well verfed in the nature of loga-
rithms, I mean thofe that can deduce them from the
doé&trine of fluxions and infinite feries, will eafiiy
apprehend, that the quantity here called «, is that which
fome call the hyperbolic logarithm others, the natural
logarithm : it is what Mr. Cozes calls, the logarithm
whofe modulus is 1: laftly, it is by fome called
Neger's logarithm, And, to fave the reader fome
trouble in the praftice of this laft theorem, the
moft neceflary natural logarithms, to be made ufe of
in the prefent difquifition about lives, arc the fol-
lowing:

If r = 1. 04, then will « = 0. 0392207.
r = 1.05, - = - a==0.048790I.
r— 1.06, - =« - a=—0.03582589.

It is to be obferved, that the theorem here found,
makes the values of lives a little bigger, than what
the theorem found in the firt problem of my book
of annuities.on lives, does; for, in the prefent cafe,
there is one payment more to be made, than in the
other showever, the difference is very inconfiderable.

But, altho’ it be indiffecrent which of them is ufed,
on the fuppofition of an equal decrement of lifc to
the extremity of old-age; yer, if it ever happens,
that we fhould have tables of obfcrvations, concern-
ing the mortality of mankind, intirely to be depended
upon, then it would be convenient to divide the
whole interval of life into fuch fmaller intervals,
as, during which, the decrements of lifc have been
obferved to be uniform, notwithftanding the decre-
ments in fome of thofc intervals fhould be quicker,
or flower, than others; for then the theorem here

I found
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found would be preferable to the other; as will be
fhewn hereafter.

That: there arc fuch intervals, Dr. Halley’s tables
of obfervations fufficiently thew; for inftance; out
of 302 perfons of 54 years of age, there remain,
after 16 years (that is, of the age of 70) but 142;
the decrements from year to year having been con-
ftantly 1035 and the fame thing happens in other in-
tervals; andit is to be prefumed, that the like would
happen in any other good tables of obfervations.

But, in order to thew, in fome meafure, the ufe
of the preceding theorem, it is neccflary to add
another problem; which, tho’ its folution is to be
met with in the firft edition of my book of annui-
ties on lives, yet it is convenient to have it inferted
here, on account of the connexion that the appli-
cation of the preceding problem has with it.

In the mean time, it will be proper to know,
What part of the yearly rent [bould be paid to the
beirs of the late poffeffor of an annuity, as may
be exaltly proportioned to the time elapfed between
that of the lajt payment, and the very moment of
the life’s expiring. To detcrmine this, put A4 for

the yearly rent ,;".‘ for the part of the year intercepted

between the time of the laft payment, and the in-
ftant of the life’s failing; » the amount of 1/ at

the year’s end: then will 7! A, be the fum te

P

be paid.

Pro-
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ProprLeEMm IL

T0 fiud the value of an annuity for a limited inter-
val of life, during which the decrements of
life may be confidered as equal.

SOLUTION.

LETa and & reprefent the number of people liv-

ing in the beginning and cnd of the given
interval of years.

s reprefent that interval,

P the valuc of an annuity certain for that
interval.
the value of an annuity for a life fuppofed to
be neceflarily extiné in the time s 5 or (which
is the fame thing) the value of an annuity for
a life, of which the complement is s.

|
Then Q> x P=g will exprefs the value re-

quired.
' DEMONSTRATION,

For, let the whole interval between # and & be
fill'd up with arithmetical mean proportionals; there-
fore the number of peoplec living in the beginning
and end of each ycar of the given intcrval s will
be reprefented by the following feries ; viz.
..ra——a-{-—b , sa—2a-2b  sa—3a—-3b sa—qat-45 e to b,

5

S g 5

a

Confcquently, the probabilitics of the life’s con-
tinuing during 1, 2, 3, 4, 5, &¢. years will be ex-
prefled by the feries,
math, scsebsb smgebst mctedh g b

sa ia sa

Wherefore,
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Wherefore, the value of an annuity of 1 /. granted
for the time s, will be exprefled by the feries
sa—at-b sa—zat2b - sa—3a4-35 + .m—-4a+4&

sar I sar® sar3 sart

&e. to - f-‘-; this feries is divifible into two other
ar

fcrics’s, ViZ.
R = PR TN

s 5r3
24. —-x.._.+ +”3+4 e’y't‘.to_‘:_x_.

Now, ﬁncc the ﬁr& of thefe feries’s begins with a
term whofe numerator is s— 1, and the fubfequent
numerators each decreafe by unity ; it follows, that
the laft term will be = o3 and, confequently, that
feries exprefles the value of a life neceflarily to be
extinét in the time s, The fum of this feries may
be efteem’d as a given quantity ; and is what I have
exprefled by the fymbol Q in problem 1.

The fecond feries is the difference between the
two following feries’s,

5 1

b =1 $—2 y $=3 | s—4 $—3

a + + 3 + Py ¢re. to e

Wherc, ncglc&mg the common multiplier 5
a?d

the firft feries is the value of an annuity certain
to continue s years; which every mathematician
knows how to calculate, or is had from tables al-
ready compofed for that purpofe : this value is what
I have called P and the fecond feries is Q).

K Therefore
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Therefore @ + E x P—g will be the value of an

annuity on alife forthe limited time. Q. E. D.

It is obvious, that the feries denoted by 2 muflt
of neceflity have one term lefs than is the number
of equal intervals contain'd in s; and therefore, if
the whole extent of life, beginning from an age
given, be divided into feveral intetvals, each having
its own particular uniform decrements, there will be,
in cach of thefe intervals, the defeét of one pay-

ment; which to remedy, the feries @ muft be cal-
culated by problem 1.

EXAMPLE.

To find the value of an annuity for an age of 54,
to continue 16 years, and no longer. v

T is found, in Dr. Halley’s tables of obfcrvations,
that 2 is 302, and 6 172: now #z=s=—16; and,
by the tables of the values of annuities certain,

P=r10.8377; alfo (by problem 1.) Q=( _l.-_f_=)

r—I an
6.1168. Hence it follows (by this problem), that
the value of an annuity for an age of 54, to con-
tinue during the limited time of 16 ycars, fuppofe-
ing intereft at 5 per cent. per annum, will be worth
2+ -é—- x P—2=) 8.3365 years purchafc.

From Dr. Halley’s tables of obfervations, we
find, that from the age of 49 to 54 inclufive, the
number of perfons, exifting at thofe feveral ages,
are, 357, 346, 335, 324, 313, 302, which compre-
hends a fpace of five years; and, following the
precepts before laid down, we fhall find, that an

annuity
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annuity for a life of 49, to continue for the limited
time of 5 years, interett being at 5 per cent. per
annum, is worth 4.0374 years purchafe.

And, in the famc manner, we fhall find, that the
value of an annuity on life, for the limited timec
comprehended between the ages of 42 and 49, is
worth 5.3492 years purchafe.

Now, if it were requited to determine the value of
an annuity on life, to continue from the age of
42 to 70, we muft proceed chus:

It has been proved, that an annuity on life, reach-
ing from the age of s4to 70, is worth 8.3365 years
purchafe ; but this value, being eftimated from the age
of 49, ought tobe diminifhed on two accounts: Firft,
becaufe of the probability of the life’s reaching from
49 to 54, which probability is to be deduced from the
table of obfervations, and is proportional to the num-
ber of people living at the end and beginning of that
interval, which, in this cafe, will be found 302 and
357 : The fecond diminution proceeds from a dif-
count that ought to be made, becaufe the annuity,
which reaches from 54 to 70, is eftimated s years

fooner, viz. from the age of 49, and thercfore that

diminution ought to be exprefled by 7";; fo that the

total diminution of the annuity of 16 years will be
exprefled by the frattion 222, which will reduce it
3

577

from §.3365 years purchafe to 5.5259 ; this being
added to the value of the annuity to continue from
49 1O 54, Viz. 4.0374, Will give 0.5633, the value
of an annuity to continue from the age of 49 to 7o.
For the fame reafon, the value 9.5633, cftimated

K2 from
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from the age of 42, ought to be reduced, both upon
account of the probability of living from 42 to 49,
and of the difcount of money for 7 years, at s per
cent. per anmmum, amounting together to 3.8554,
which will bring it down to 5.7079; to this adding
the value of an annuity on a life to continue from
the age of 42 to 49, found before to be 5.3492,
the fum will be 11.0571 years purchafe, the value of
an annuity to continue from theage of 42 to 70,

In the fame manner, for the lalt 16 years of life,
reaching from 70 to 86, when properly difcounted,
and alfo diminithed upon the account of the proba-
bility of living from 42 to 70, the value of thofe
laft 16 years will be reduced to o.8; this being
added to 11.0571 (the value of an annuity to con-
tinue from the age of 42 to 7o, found before),
the fum will be 11.8571 years purchafe, the value
of an annuity to continuc from the age of 42 t0 86;
that is, the value of an annuity on a life of 42;
which, in my tables, is but 11.57, upon the fup-
pofition of an uniform decrement of life, from an
age given to the extremity of old-age, fuppofed
at 8¢.

It is to be obferved, that the two diminutions,
above-mention’d, are conformable to what I have faid
in the corollary to the feccond problem of the firft
edition, printed in the year 1724.

Thofe who have fufficient l¢ifure and skill to
calculate the value of joint lives, whether taken two
and two, or three and three, in the fame manner as
I have done the firft problem of this tradt, will be
greatly aflited by means of the two following theo-

rems:
if
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If the ordinate of a curve be ;f- ; its area will

be ! I 2
— e e ——,
a* a’r? art

zl

If the ordinate of a curve be = 3 its area will

2 22 2

— oo—
be 5 — -5 -5

I beg leave, in this place, to take notice, that
in the theorem in line 12. page 63. of the fecond
edition of my book of annuities on lives, inftead

of P, it ought to be {—T; where # and p reprefent

the complements of the age, in the beginning and
end of a given interval of time.

And I defire the reader of that edition to adapt
the fourth article of the rule put in words at length,
in page 64, to the thcorem fo correted: then the
folution there given, and that in page 21. of the firlt
edition, will perfectly agree s provided that the de-
crements of life be fuppofed, in both cafes, uni-
form, from an age given, to the extremity of old-
age.

DI muft alfo take notice of an accidental error, that
has crept into the 2sth propofition of the fecond
cdition ; which 1 chufe to corre& as follows ;

1. Let the firft line of the propofition, and part
of the fecond line, as far as 4 exclufive, be erafed.

2. Let the folution proceed thus: fince the life
of A is fuppofed to be worth 14 years purchafe,

when interelt is at 4 per cent. per annum, it follows,
X from
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from our tables, that 4 muft be 35 years of age;
therefore find, by the twenty-third propofition, the
value of an annuity of a life for 35 to continue for
a limited time of 31 years: let that value be fub-
duéted from tHe value of an annuity certain, to con-
tinue 31 years; and the remainder will be the value
of the reverfion.

XL The Appearance of a fiery Meteor, as feer
by Mr. Cradock, communicated to the Royal
Society 4y Mr. Henry Baker, F. R. S.

Read Juce 7. HE Head and Body emitted an ex-
1744 tremely lucid and white Flame.
The Tail appeared of a tranfparent Blue, like the
Flame of Sulphur.

e e g — o e e
Erch s A e

This Phenomenon was feen on Sunday, May 27.
1744. at 11 Minutes after 11 0o’ Clock at Night: Its
Dirc&tion from §. E. to N. /. or thereabouts; its
Height fecemingly not half a Mile.

It was feen, as here defcribed, from the Terrace
in Somerfet-Gardens, by me,

Zach. Cradock,
Of Somer fet-Houfe.



